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THE DENSITY PROPERTY FOR GIZATULLIN
SURFACES WITH REDUCED DEGENERATE FIBRE
RAFAEL B. ANDRIST
Abstract. All Gizatullin surfaces that admit such a C+-action
for which the quotient is a C1-fibration with a reduced degenerate
fibre, have the density property. We also give a description of the
identity component of the group of holomorphic automorphisms of
these surfaces.
1. Introduction
In this article we want to contribute to the classification of smooth
complex affine-algebraic surfaces with the density property by showing
that a large subclass of so-called Gizatullin surfaces has the density
property.
The density property has been introduced by Varolin [Var01,Var00]
to describe precisely what it means for a complex manifold to have
“large” group of holomorphic automorphisms. Let us recall the follow-
ing definitions:
Definition 1.1 ([Var01]). A complex manifold X has the density prop-
erty if the Lie algebra Liehol(X) generated by C-complete holomorphic
vector fields on X is dense in the Lie algebra of all holomorphic vector
fields VFhol(X) on X w.r.t. compact-open topology.
Definition 1.2 ([Var01]). An algebraic manifold X has the algebraic
density property if the Lie algebra Liealg(X) generated by C-complete
algebraic vector fields on X coincides with the Lie algebra of all alge-
braic vector fields VFalg(X) on X .
The algebraic density property implies the density property. The
classical and most important example of a complex manifold with the
(algebraic) density property is Cn for n ≥ 2 where the (algebraic)
density property was established by Anderse´n and Lempert [AL92].
It turned out that there are much more examples of complex affine-
algebraic or Stein manifolds with the density property.
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However, in complex dimension 2, only very few examples are known
and even in complex dimension 2, a classification of all such surfaces
is not in sight. In particular, also the description of all Stein surfaces
X on which the group of holomorphic automorphisms Authol(X) acts
transitively, is completely unclear. But in the algebraic category, the
question of algebraic transitivity was “almost” resolved in the papers
of Gizatullin and Danilov [Giz71], [GD75]. We will need the following
definition:
Definition 1.3. A normal complex algebraic surface X is called quasi-
homogeneous if the natural action of its group of algebraic automor-
phisms Autalg(X) has an open orbit whose complement is at most finite.
With the exception of the two-dimensional torus C∗ × C∗ and of
C × C∗, every affine quasi-homogeneous surface admits a completion
X¯ by a simple normal crossing divisor such that the dual graph Γ of
its boundary X¯ \X is a linear rational graph [Giz71,GD75] which can
be always chosen in the following standard form (a so-called standard
zigzag)
[[0, 0,−r2, . . . ,−rd]]
where d ≥ 2 and rj ≥ 2 for j = 2, . . . , d. The numbers given in
[[0, 0,−r2, . . . ,−rd]] are the self-intersection numbers of the the in-
volved projective lines. This leads to the following definition.
Definition 1.4. A normal complex affine-algebraic surface that admits
a completion by a simple normal crossing divisor such that its dual
graph is a linear rational graph, is called a Gizatullin surface.
The following results are known so far: For d = 2, resp. a zigzag
[[0, 0,−r2]], one obtains the so-called Danielewski surfaces. The den-
sity property for Danielewski surfaces was proved by Kaliman and
Kutzschebauch [KK08b]. For so-called Danilov–Gizatullin surfaces,
which are described by a zigzag [[0, 0,−2, . . . ,−2]] and are (as smooth
Gizatullin surfaces) completely determined up to isomorphism by the
length of the zigzag, the density property was proved by Donzelli
[Don12]. For d = 3, the case of Gizatullin surfaces described by a
zigzag [[0, 0,−r2,−r3]], the density property was established recently
by Kutzschebauch and Poloni and the author [AKP15].
A Gizatullin surface always admits two non-conjugate C+-actions,
see e.g. Flenner, Kaliman and Zaidenberg [FKZ07]. In this article we
want to consider Gizatullin surfaces with a priori any possible standard
zigzag as boundary divisor, but we make a restriction regarding the
C+-actions. We require that there exists a C+-action on the surface
such that its quotient is a C1-fibration with a single reduced degenerate
fibre. One can always find a fibration with a single degenerate fibre,
but in general this fibre will not be reduced.
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Embeddings of precisely such surfaces, sometimes also called general-
ized Danielewski surfaces, have been constructed by Dubouloz [Dub06].
In the next section we cite the defining equations (1) and (2) that were
derived by Duboloz.
Theorem 1.5. Let S be a smooth Gizatullin surface that is described
by the equations (1) and (2). Then S has the density property.
Corollary 1.6. Let S be a smooth Gizatullin surface with a C+-action
such that its quotient is a C1-fibration with a single reduced degenerate
fibre. Then S has the density property.
In particular, these equations comprise all classes of smooth Gizat-
ullin surfaces for which the density property has been established so far,
but contain also many new examples of Gizatullin surfaces of any pos-
sible boundary divisor for which the density property was not known.
Moreover, these are also new examples of complex manifolds that are
elliptic in the sense of Gromov, see Section 7 for more details.
We also describe the identity component of the group of holomorphic
automorphisms of these surfaces in Theorem 7.4.
Definition 1.7. [KLL15, Def. 1.1] Let X be a complex affine-algebraic
variety. We say that X has the algebraic density property relative to
a subvariety A ⊂ X if Liealg(X,A), the Lie algebra generated by the
complete algebraic vector fields onX that vanish in A and VFalg(X,A),
the Lie algebra of all algebraic vector fields on X that vanish on A
satisfy
IℓA · VFalg(X,A) ⊆ Liealg(X,A)
for some ℓ ∈ N0, where IA denotes the vanishing ideal of A.
Theorem 1.8. Let S be a Gizatullin surface that is described by the
equations (1) and (2). Then S has the relative algebraic density prop-
erty with respect to a finite set A ⊂ S.
It is an open question whether we can choose A = ∅ for a smooth
Gizatullin surface S described by the equations (1) and (2). Counter-
examples of smooth Gizatullin surfaces where the action of Autalg is
not transitive are known due to Kovalenko [Kov15], but do not fall into
this class.
Given Remark 5.4 regarding the charming chain of charts we con-
jecture that any Gizatullin surface (note that this excludes C∗ × C∗)
that admits a transitive action of its group of algebraic automorphisms
has the algebraic density property.
In this context we also mention that a larger class of complex affine-
algebraic surfaces, called generalized Gizatullin surfaces, has been in-
troduced by Kaliman, Kutzschebauch and Leuenberger [KKL15]. They
could also provide potential candidates with the algebraic density prop-
erty although no such examples with the algebraic density property are
known.
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The article is organized as follows: In the next section we recall the
defining equations. Using those equations, we find large affine charts
that cover the surfaces and C-complete algebraic vector fields and their
description in these charts in Section 3. As a first step towards the den-
sity property, we show that the group of holomorphic automorphisms
acts transitively in Section 4. We can also derive directly the so-called
holomorphic flexibility (see there). After these preparations we can
finally prove the density property. The main ingredients are the calcu-
lations in Section 5. In Section 6 we provide the theoretical background
and in Section 7 we discuss some geometric consequences.
2. Defining Equations
According to [Dub04, Section 5.2], all generalized Danielewski sur-
faces with a boundary divisor of length d + 1 can be described by the
following equations in C[z0, z1, . . . zd, zd+1]
z0zi+1 =
(
i−1∏
k=1
P˜k(zk)
)
· Pi(zi) 1 ≤ i ≤ d(1)
(zj−1 − λj−1)zi+1 = zj ·
(
i−1∏
k=j
P˜k(zk)
)
· Pi(zi) 2 ≤ j ≤ i ≤ d(2)
where we use the convention that an empty product is equal to 1. The
functions Pi, P˜i : C→ C are polynomials in one variable and satisfy the
following relation:
Pi(zi) = (zi − λi) · P˜i(zi)(3)
We will call λi the distinguished root of Pi. These polynomials P˜i are
required to have simple roots. For our calculations, this will however
not matter and we will consider all possible surfaces described by these
equations.
We may rewrite the equations (1) and (2) as follows:
z0zi+1 = (zi − λi) ·
(
i∏
k=1
P˜k(zk)
)
1 ≤ i ≤ d(4)
(zj−1 − λj−1)zi+1 = zj · (zi − λi) ·
(
i∏
k=j
P˜k(zk)
)
2 ≤ j ≤ i ≤ d(5)
Division of (4) by (5) and multiplication by zj(zj−1 − λj) yields
(6) z0zj = (zj−1−λj) ·
(
j−1∏
k=1
P˜k(zk)
)
= (zj−1−λj) ·
(
j−1∏
k=1
Pˆk(zk − λk)
)
Whether we consider the polynomials P˜k as functions of zk or zk − λk
does of course not matter. We thus obtain the set of equations given
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in [Dub06, Theorem 4.3] after appropriate shifts and renumbering of
coordinates. For our purpose, it will be more convenient to work with
the equations (1) and (2).
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3. Large affine charts
It will turn out to be convenient to work with the following, large
affine charts. Their definition emerges directly from the defining equa-
tions (1) and (2).
Let ϕ0 : C
∗
z0
× Cz1 → S be the local parametrization given by
z2 =
P1(z1)
z0
z3 =
P1(z1)
z1 − λ1
P2(z2)
z0
= P˜1(z1)
P2(z2)
z0
... =
...
zd+1 =
P1(z1)
z1 − λ1
P2(z2)
z2 − λ2
· · ·
Pd−1(zd−1)
zd−1 − λd−1
Pd(zd)
z0
= P˜1(z1)P˜2(z2) · · · P˜d−1(zd−1)
Pd(zd)
z0
The equations are to be understood s.t. all z2, . . . , zd+1 are replaced
inductively by expressions in z0 and z1. The important observation is
that the other coordinates of points in S are completely determined by
(z0, z1) ∈ C
∗ × C if z0 6= 0.
For each i = 1, . . . , d, let ϕi : C
∗
zi−λi
× C∗zi+1 → S be the local
parametrization given by
z0 =
P˜1(z1)P˜2(z2) · · · P˜i−1(zi−1)Pi(zi)
zi+1
z1 = λ1 +
z2P˜2(z2)P˜i−1(zi−1)Pi(zi)
zi+1
z2 = λ2 +
z3P˜3(z3)P˜i−1(zi−1)Pi(zi)
zi+1
... =
...
zi−1 = λi−1 +
ziPi(zi)
zi+1
zi+2 =
zi+1Pi+1(zi+1)
zi − λi
... =
...
zd+1 = P˜i+1(zi+1) · · · P˜d−1(zd−1)
zi+1Pd(zd)
zi − λi
Remark 3.1. The finitely many affine charts ϕ0(C
∗ × C), ϕ1(C
∗ ×
C∗), . . . , ϕd(C
∗ × C∗) are Zariski-open, hence dense, sets in S. The
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inverse maps are given by projections to the corresponding coordinate
plane, ϕ−1i (z0, z1, . . . , zd, zd+1) = (zi, zi+1).
Lemma 3.2. The surface S is covered by the charts ϕ0, ϕ1, . . . , ϕd if
at least one of the distinguished roots λ1, . . . , λd is non-zero.
Otherwise, if all of them vanish, the zero point in Cd+2z0,...,zd+1 is the
only point that is not contained in any of these charts.
Proof. Assume that these charts do not cover S, then by the chart ϕ0
we have z0 = 0 and by each other chart ϕi, i = 1, . . . , d, we have zi = λi
and zi+1 = 0. Therefore, this case can only occur if z0 = 0, . . . , zd+1 = 0
and λ1 = 0, . . . , λd = 0. 
Lemma 3.3. If the surface S is smooth, then at least one of the dis-
tinguished roots λ1, . . . , λd must be non-zero. Otherwise, the zero point
is the only singularity of S.
Proof. Assume to get a contradiction that all distinguished roots van-
ish. By the preceeding lemma, we already know that the surface is
smooth outside the zero point.
We consider the derivatives of the defining equations and observe
that in this case, all derivatives of (2) vanish in the zero point, since
Pi(zi) = zi · P˜i(zi) on the right-hand side. Similarly, all but one deriva-
tives of (4) vanish in the zero point. The only potentially (if Pi has
simple roots) non-vanishing derivative is the ∂
∂zi
-derivative. However,
this could only guarantee smoothness if the co-dimension of S in Cd+2
is 1, i.e. if d = 0, and such a Gizatullin surface does not exist. 
Lemma 3.4. For all j ∈ N0
(7) ϕ0∗
(
z
j+d
0 ·
∂
∂z1
)
and
(8) ϕ0∗
(
z
j+d−1
0 · (z1 − λ1) ·
∂
∂z1
)
and
(9) ϕ0∗
(
(z1 − λ1)
j+d−1 · z0 ·
∂
∂z0
)
extend to complete holomorphic vector fields on S.
Proof. The completeness of these vector fields in the chart is clear, since
the flow maps are given by
((z1, z2), t) 7→ (z0, z1 + tz
j+d
0 )
((z1, z2), t) 7→ (z0, exp(tz
j+d−1
0 ) · (z1 − λ1) + λ1)
((z1, z2), t) 7→ (exp(t(z1 − λ1)
j+d−1) · z0, z1)
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If they extend holomorphically to the whole surface, then they extend
as complete vector fields, because they vanish in the complement of the
chart. We calculate the following derivatives:
∂z2
∂z1
=
P ′(z1)
z0
∂zk
∂z1
=
1
z0
(
k−2∑
ℓ=1
P˜1(z1) · · ·
̂˜Pℓ(zℓ) · · · P˜k−2(zk−2)Pk−1(zk−1) · P˜
′
ℓ(zℓ) ·
∂zℓ
∂z1
+ P˜1(z1) · · · P˜k−2(zk−2) · P
′
k−1(zk−1) ·
∂zk−1
∂z1
)
By induction in k = 2, . . . , d + 1 we see that with each step, we raise
the power in 1
z0
by one. We may however, e.g. for z3, reduce the power
1
z0
in exchange for a power in 1
z1−λ1
:
∂z3
∂z1
=
1
z0
(
P˜ ′1(z1) · P2(z2) + P˜1(z1) · P
′
2(z2) ·
P ′1(z1)
z0
)
=
1
z0
(
P˜ ′1(z1) · P2(z2) +
z2
z1 − λ1
· P ′2(z2) · P
′
1(z1)
)
This proves the holomorphic extension of (7) and (8).
Next, we calculate the following derivatives:
∂z2
∂z0
= −
P (z1)
z20
= −
z2
z0
∂zk
∂z0
= −
zk
z0
+
P˜1(z1)
z0
k−2∑
ℓ=2
P˜2(z2) · · ·
̂˜Pℓ(zℓ) · · ·Pk−1(zk−1) · P˜
′
ℓ(zℓ) ·
∂zℓ
∂z0
+
P˜1(z1)
z0
P˜2(z2) · · · P˜k−2(zk−2) · P
′
k−1(zk−1) ·
∂zk−1
∂z0
Now, by induction in k = 2, . . . , d + 1 we see that with each step, we
again raise the power in 1
z0
by one.
However, for k ≥ 3, after multiplication by (z1 − λ1) we obtain:
(z1 − λ1)
∂zk
∂z0
= −(z1 − λ1)
zk
z0
+ z2 ·
k−2∑
ℓ=2
P˜2(z2) · · ·
̂˜Pℓ(zℓ) · · ·Pk−1(zk−1) · P˜
′
ℓ(zℓ) ·
∂zℓ
∂z0
+ z2P˜2(z2) · · · P˜k−2(zk−2) · P
′
k−1(zk−1) ·
∂zk−1
∂z0
This proves the holomorphic extension of (9). 
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Lemma 3.5. Let i = 1, . . . , d. Then for all j ∈ N
(10) ϕi∗
(
z
j+d−1
i+1 · (zi − λi) ·
∂
∂zi
)
and
(11) ϕi∗
(
(zi − λi)
j+d−i−1zii · zi+1 ·
∂
∂zi+1
)
extend to complete holomorphic vector fields on S.
Proof. We proceed as the proof of Lemma 3.4. The proof is completely
analogous for zk depending on (zi, zi+1) if k ≥ i + 2. We only need to
consider the case k ≤ i− 1.
∂zi−1
∂zi
= −
P (zi) + ziP
′
i (zi)
zi+1
∂zi−1
∂zi+1
= −
zi−1 − λi−1
zi+1
For 1 ≤ k ≤ i− 2 we obtain
∂zk
∂zi
=
1
zi+1
∂
∂zi
(
zk+1P˜k+1(zk+1) . . . P˜i−1(zi−1) · Pi(zi)
)
∂zk
∂zi+1
= −
zk − λk
zi+1
+
Pi(zi)
zi+1
∂
∂zi+1
(
zk+1P˜k+1(zk+1) . . . P˜i−1(zi−1)
)
The case k = 0 is completely analogous except that the factor zk+1
does not appear on the right-hand side.
Now, by induction in k = i − 1, i − 2, . . . , 0 we see that with each
step, we raise the power in 1
zi+1
by one.
We can multiply by zi and hence exchange the increase of one power
in 1
zi+1
by one power in 1
zi
:
zi
∂zk
∂zi+1
= −zi
zk − λk
zi+1
+ (zi − λi)
∂
∂zi+1
(
zk+1P˜k+1(zk+1) . . . P˜i−1(zi−1)
)

4. Holomorphic transitivity
Proposition 4.1. Assume that at least one of the distinguished roots
λ1, . . . , λd is non-zero.
The complete vector fields given (for j = 0) in (7), (8) and their
pull-backs by certain flows of (7), and the complete vector fields given
(for j = 0) in (10) and (11) together span the tangent space of S in
every point.
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Proof. The two vector fields given by (7) and (9) for j = 0 span the
tangent space in every point of the chart ϕ0(C
∗
z0
× Cz1) for z1 6= λ1:
zd0
∂
∂z0
and zd−10 (z1 − λ1)
∂
∂z1
For a point (z0, z1) with z1 = λ1 we just pull back these vector fields by
the flow of zd0
∂
∂z0
. The two vector fields given by (10) and (11) for j = 0
span the tangent space in every point of the chart ϕi(C
∗
zi−λi
×C∗zi+1). 
Corollary 4.2. If S is smooth, then the holomorphic automorphisms
act transitively on S. If S is singular, then 0 is the only singularity
and the holomorphic automorphisms act transitively on S \ {0}.
But actually, the preceding proposition implies more, in fact it says
that S is holomorphically flexible, i.e. there exist finitely many complete
holomorphic vector fields that span the tangent space in every point
(see Arzhantsev et al. [AFK+13, Def. A.4]) and we have the following
immediate corollaries, see also [AFK+13] for details:
Definition 4.3. [For11, Chap. 5] A spray on a complex manifold X is
a triple (E, π, s) consisting of a holomorphic vector bundle π : E → X
and a holomorphic map s : E → X such that for each point x ∈ X we
have s(0x) = x where 0x denotes the zero in the fibre over x.
The spray (E, π, s) is said to be dominating if for every point x ∈ X
we have
d0xs(Ex) = TxX
A complex manifold is called elliptic if it admits a dominating spray.
In this definition we adapted the convention used e.g. in the textbook
[For11] identifying the fibre Ex over x with its tangent space in 0x.
Corollary 4.4. If S is smooth, then it is elliptic in the sense of Gro-
mov, i.e. it admits a dominating spray.
Proof. If we denote by ϕ1, . . . , ϕN : C×S → S, N = 2(d+2), the flows
of the complete holomorphic vector fields that span the tangent spaces
in every point, then the map
CN × S → S, ((t1, . . . , tN), z) 7→ ϕN,tN ◦ · · · ◦ ϕ1,t1(z))
is a dominating spray. 
Corollary 4.5. If S is smooth, then the group of holomorphic auto-
morphisms acts m-transitively on S for any m ∈ N.
Proof. This is a clever application of the implicit function theorem, see
Varolin [Var00] for details. 
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5. Generating a submodule
We will see in the next section that we actually do not need to ap-
proximate all holomorphic vector fields by Lie combinations of complete
holomorphic vector fields. It is sufficient to find a Ohol(S)-submodule
inside the Lie algebra generated by the complete holomorphic vector
fields. This is the goal of this section.
Remark 5.1. The Kaliman–Kutzschebauch formula (see the proof of
Cor. 2.2 in [KK08a]) which can be verified by a straightforward calcu-
lation, says that for vector fields V and W and holomorphic functions
f, g, h where h ∈ kerW we obtain:
(KK) [fhV, gW ]− [fV, ghW ] = −fgV (h)W
Remark 5.2. Moreover, we note that if a vector field V is complete and
f ∈ ker V , then fV is complete as well, and if V (V (h)) = 0, then fhV
is complete too, see e.g. Varolin [Var99].
If we apply (KK) to the complete vector fields given by the equations
(7), (8) and (9), i.e.
V = zd0
∂
∂z1
, W = (z1 − λ1)
d−1z0
∂
∂z0
, f = zj00 , g = (z1 − λ1)
j1
and h = (z1 − λ1), hence V (h) = z
d
0 , we obtain that all vector fields
of the following form are in the Lie algebra generated by the complete
vector fields:
(12) zj00 · (z1 − λ1)
j1 · (z1 − λ1)
d−1zd+10
∂
∂z0
, j0, j1 ∈ N0
Moreover, we obtain[
z
j0
0 · (z1 − λ1)
j1+1 · (z1 − λ1)
d−1zd+10
∂
∂z0
, zd0
∂
∂z1
]
+
zd0
j0 + 1
z
j0
0 · (z1 − λ1)
j1+1 · (z1 − λ1)
d−1zd+10
∂
∂z0
= dzj00 · (z1 − λ1)
j1 · (z1 − λ1)
d−1z2d0
∂
∂z1
, j0, j1 ∈ N0
(13)
Note that the set of functions spanC
{
z
j0
0 · (z1 − λ1)
j1, j0, j1 ∈ N0
}
does not contain any non-trivial ideal, neither in the ring of functions
of the coordinate chart, nor in the ring of functions of the surface S.
Proposition 5.3. Let S be the complex surface given by the equations
(1) and (2), not necessarily smooth, with polynomials P1, . . . , Pd which
may have multiple roots, and λ1, . . . , λd ∈ C arbitrary. Then the fol-
lowing Oalg(S)-module in the Lie algebra of all algebraic vector fields on
S is contained in the Lie subalgebra generated by the complete algebraic
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vector fields on S:
(14) spanC
{
z
j0
0 · · · z
jd+1
d+1 · Rd+1 · ϕd∗
(
∂
∂zd+1
)
, j0, . . . , jd+1 ∈ N0
}
where Rd+1 ∈ C[z0, . . . , zd+1] is a certain polynomial.
Proof. We proceed by induction on k = 0, 1, . . . , d to show that
(15) spanC
{
z
j0
0 · · · z
jk+1
k+1 · Rk+1 · ϕk∗
(
∂
∂zk+1
)
, j0, . . . , jk+1 ∈ N0
}
is in the Lie algebra generated generated by the complete algebraic
vector fields on S.
For k = 0 we have by (13) in the chart ϕ0 that
z
j0+2d
0 · (z1 − λ1)
j1+d−1
∂
∂z1
= zj00 · z
j1
1 · R1 ·
∂
∂z1
, j0, j1 ∈ N0
is in the Lie subalgebra generated by complete algebraic vector fields
on S where R1 = z
2d
0 · (z1−λ1)
d−1. Note that we can replace (z1−λ1)
j1
by zj11 since we work in the span.
For the induction step k − 1 7→ k we first note that
(16) ϕ∗kϕk−1∗
(
∂
∂zk−1
)
=
∂zk+1
∂zzk−1
·
∂
∂zk+1
= −
zk+1
zk−1 − λk−1
·
∂
∂zk+1
We used that in the chart ϕk−1 we have
∂zk
∂zk−1
= 0 and that the inverse
of ϕk is just the projection. We now calculate the following Lie brackets
in the chart ϕk:[
z
j0
0 · z
j1
1 · · · z
jk
k · R
2
k ·
−zk+1
zk−1 − λk−1
·
∂
∂zk+1
, zdk+1 · (zk − λk) ·
∂
∂zk
]
= zj00 · z
j1
1 · · · z
jk
k · R
2
k ·
−zk+1
zk−1 − λk−1
· d · zd−1k+1 · (zk − λk)
∂
∂zk
+
(
∂
∂zk
z
j0
0 · z
j1
1 · · · z
jk
k ·
zk+1
zk−1 − λk−1
)
·R2k ·
∂
∂zk+1
+zj00 · z
j1
1 · · · z
jk
k ·
zk+1
zk−1 − λk−1
·
∂Rk
∂zk
· 2Rk ·
∂
∂zk+1
Note that we interpret the z0, . . . , zk−1 as rational functions of (zk, zk+1).
Rewriting the coordinates zk+1’s which occur only up to power d−1 in
terms of z0, . . . , zk and raising the powers in z0, . . . , zk if necessary, we
can assume that the ∂
∂zk+1
-terms are already in the Lie subalgebra gen-
erated by the complete algebraic vector fields due to (16) and subtract
it. We can continue with the term
z
j0
0 · z
j1
1 · · · z
jk
k · R̂k ·
∂
∂zk
for a suitable polynomial R̂k.
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[
z
j0
0 · z
j1
1 · · · z
jk
k · R̂k ·
∂
∂zk
, z
jk+1+d−1
k+1 · (zk − λk) ·
∂
∂zk
]
= zj00 · z
j1
1 · · · z
jk
k · z
jk+1
k+1 R̂k+1
∂
∂zk
(17)
for a suitable polynomial R̂k+1, again raising the powers if necessary
and re-absorbing them into R̂k+1.
To complete the induction, we calculate, again in the chart ϕk:[
z
j0
0 · z
j1
1 · · · · z
jk
k · z
jk+1
k+1 · R̂
2
k+1 ·
∂
∂zk
, (zk − λk)
d−1 · zk+1 ·
∂
∂zk+1
]
= zj00 · z
j1
1 · · · · z
jk
k · z
jk+1
k+1 · R̂
2
k+1 · (d− 1) · (zk − λk)
d−2 · zk+1 ·
∂
∂zk+1
−(zk − λk)
d−1 · zk+1 ·
(
∂
∂zk+1
z
j0
0 · z
j1
1 · · · · z
jk
k · z
jk+1
k+1 · R̂
2
k+1
)
∂
∂zk
Raising the powers in z0, . . . , zk+1 if necessary, we can assume that the
last term is already in the Lie subalgebra generated by the complete
algebraic vector fields and subtract it. We define Rk+1 to be R̂
2
k+1 · (d−
1) · (zk − λk)
d−2 · zk+1 multiplied by these powers. 
Remark 5.4. The crucial ingredient to make this proof work is the
existence of nice affine charts which form sort of a “chain”, i.e. two of
them either intersect in a (punctured) coordinate axis of the ambient
space or have empty intersection, hence we call them a charming chain
of charts that must satisfy the following: Let X ⊂ CN+1z0,z1,...,zN ,zN+1
be a complex affine-algebraic surface and let ϕ0, ϕ1, . . . , ϕN be local
parametrizations of X with the following properties:
(1) ϕ−1i (z0, . . . , zN+1) = (zi, zi+1) for i = 0, . . . , N
(2) domϕ0 ∼= C× C
∗
(3) domϕi ∼= C
∗ × C∗ for i = 1, . . . , N
(4) There exists a compatible pair of complete algebraic vector fields
on domϕ0 within Oalg(C
2) ⊆ Oalg(domϕ0) that extends to S.
(5) There exist two complete algebraic vector fields µi, νi on each
domϕi that span the tangent space in every point of domϕi
and such that they extend to S for i = 1, . . . , N .
Note that in Property 4 above, the ideal of the compatible pair does
in general not extend, otherwise the density property would follow
easily using the results of Kaliman and Kutzschebauch [KK08a].
Let us remind the definition of a compatible pair from [KK08a]:
Definition 5.5. Let V and W be non-trivial algebraic vector fields
on an complex affine-algebraic manifold X such that V is a locally
nilpotent derivation on Oalg(X) and W is either locally nilpotent or
semi-simple. We say that (V,W ) is a compatible pair if
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• spanC{ker V ·kerW} contains a non-trivial ideal in Oalg(X) and
• ∃ h ∈ kerW with V (h) 6= 0 but V (V (h)) = 0.
6. Density Property
In this section we briefly recall the notions and Theorems we need
for proving our result and then prove the Theorems 1.5 and 1.8.
Definition 6.1 ([KK08a, Definition 2.2]).
(1) Let X be an algebraic manifold and x0 ∈ X . A finite subset
M of the tangent space Tx0X is called a generating set if the
image of M under the action of the isotropy subgroup of x0 (in
the group of all algebraic automorphisms Autalg(X)) generates
the whole space Tx0X .
(2) Let X be a complex manifold and x0 ∈ X . A finite subset M of
the tangent space Tx0X is called a generating set if the image
of M under the action of the isotropy subgroup of x0 (in the
group of all holomorphic automorphisms Authol(X)) generates
the whole space Tx0X .
We will make use of the following, central result of [KK08a]:
Theorem 6.2. [KK08a, Theorem 1] Let X be an affine algebraic man-
ifold, homogeneous w.r.t. AutalgX, with algebra of regular functions
C[X ], and let L be a submodule of the C[X ]-module of all algebraic
vector fields such that L ⊆ Liealg(X). Suppose that the fiber of L over
some x0 ∈ X contains a generating set. Then X has the algebraic
density property.
The analogous statement in the holomorphic case follows with essen-
tially the same proof:
Theorem 6.3. [AKP15, Theorem 2.3] Let X be a Stein manifold,
homogeneous w.r.t. AutholX, with algebra of holomorphic functions
Ohol(X), and let L be a submodule of the Ohol(X)-module of all holo-
morphic vector fields such that L ⊆ Liehol(X). Suppose that the fiber
of L over some x0 ∈ X contains a generating set. Then X has the
density property.
We now apply Theorem 6.3 to prove the density property of S:
Proof of Theorem 1.5. By Proposition 4.1 the smooth complex surface
S is a Authol(S)-homogeneous manifold. By Proposition 5.3 there ex-
ists a non-trivial Oalg(S)-submodule of Liealg(S), of which we take its
closure L with respect to compact convergence. This is a non-trivial
Ohol(S)-submodule in Liehol(S). In order to apply Theorem 6.2 we need
to find a generating set; we follow the proof of [AKP15, Theorem 1.7]
and pick a point p = (p0, p1, . . . , pd, pd+1) ∈ S such that p0 6= 0 and
such that we find a vector field µ ∈ L 6= 0 which does not vanish in p,
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e.g. µ = ϕ0∗
(
(z1 − λ1)
d−1z0
∂
∂z0
)
. The vector field ν := ϕ0∗
(
zd0
∂
∂z1
)
is
complete by Lemma 3.4 and does not vanish in p.
The function f(z0, . . . , zd+1) := z0−p0 lies in its kernel and hence by
Remark 5.2, f · ν is again complete, and its flow map will fix the point
p. The induced action of the time-1-map on the tangent space TpS is
given by w 7→ w+dpfν(p) = w+z0
d ·ϕ0∗
(
∂
∂z1
)
, see e.g. the calculation
in [KK08a, Corollary 2.8]. Evaluating this expression for w = µ(p) and
noting that µ(p) is a non-zero vector in direction of ϕ0∗
(
∂
∂z0
)
we see
that µ(p) is a generating set. We can now apply Theorem 6.3 to S. 
In the singular or non-transitive algebraic situation, we need the
following ingredient from Kutzschebauch–Leuenberger–Liendo:
Theorem 6.4. [KLL15, Theorem 2.2] Let X be a complex affine-
algebraic algebraic variety and let A be a subvariety containing its sin-
gularity locus. Assume that Autalg(X,A), the subgroup of Autalg(X)
that stabilizes A, acts transitively on X \ A. Let L be a finitely gener-
ated C[X ]-submodule of VFalg(X,A), the algebraic vector fields on X
that vanish on A. Assume that L is contained the Lie algebra generated
by the complete vector fields vanishing on A. If the fiber of L over some
p ∈ X \ A contains a generating set, then X has the algebraic density
property relative to A.
Proof of Theorem 1.8. The proof is essentially identical to the proof of
Theorem 6.4, we just use 6.4 instead of Theorem 6.3. We observe that
the C[S]-submodule L provided by Proposition 5.3 is indeed finitely
generated. 
7. Geometric Consequences
We repeat here for comparison the definition of the relative algebraic
density property given in the introduction and give the definition of the
relative (holomorphic) density property as well:
Definition 7.1. [KLL15, Def. 1.1] Let X be a complex affine-algebraic
variety. We say that X has the algebraic density property relative to a
subvariety A ⊂ X if Liealg(X,A), the Lie algebra generated by the C-
complete algebraic vector fields onX that vanish in A and VFalg(X,A),
the Lie algebra of all algebraic vector fields on X that vanish on A
satisfy
IℓA · VFalg(X,A) ⊆ Liealg(X,A)
for some ℓ ∈ N0.
Definition 7.2. [KLL15, Def. 6.1] Let X be a Stein space. We say that
X has the density property relative to an analytic subvariety A ⊂ X if
Liehol(X,A), the Lie algebra generated by the C-complete holomorphic
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vector fields on X that vanish in A and VFhol(X,A), the Lie algebra
of all holomorphic vector fields on X that vanish on A satisfy
IℓA · VFhol(X,A) ⊆ Liehol(X,A)
for some ℓ ∈ N0.
It is easy to see that the (relative) algebraic density property implies
the (relative) density property, see [KLL15, Prop. 6.2].
The main motivation for establishing the (relative) density property
of the (relative) density property is the so-called Anderse´n–Lempert
Theorem which is a Runge-type approximation theorem for holomor-
phic automorphisms.
Theorem 7.3. [KLL15, Theorem 6.3] Let X be a normal reduced Stein
space and let A ⊂ X be a closed analytic subvariety that contains the
singularity locus of X. Let Ω ⊆ X be an open subset and ϕ : [0, 1]×Ω→
X be a C1-smooth map such that
(1) ϕ0 : Ω→ X is the natural embedding,
(2) ϕt : Ω→ X is holomorphic and injective for every t ∈ [0, 1],
(3) ϕt(Ω) is a Runge subset of X for every t ∈ [0, 1], and
(4) ϕt fixes A up to order ℓ where ℓ is such that
IℓA · VFhol(X,A) ⊆ Liehol(X,A).
Then for every ε > 0 and for every compact K ⊂ Ω there exists a
continuous family Φ: [0, 1]→ Authol(X), fixing A pointwise, such that
Φ0 = idX and ‖ϕt − Φt‖K < ε for all t ∈ [0, 1].
Moreover, these automorphisms can be chosen to be compositions of
flows from a dense Lie subalgebra in Liehol(X,A), see Varolin [Var01].
For the case of star-shaped domain Ω ⊂ Cn = X and A = ∅ the
Theorem is due to Anderse´n and Lempert [AL92]. For a Runge domain
Ω ⊂ Cn = X and A = ∅ it is due to Forstnericˇ and Rosay [FR93,FR94].
The general version for a Stein manifold with the density property, but
with A = ∅ was stated by Varolin [Var01,Var00].
A consequence of this Theorem is again holomorphic flexibility and
m-transitivity. Both properties we have already established as a conse-
quence of Proposition 4.1 for these Gizatullin surfaces that are treated
in our article.
The Theorem also enables us to describe the C1-path-identity com-
ponent of the group of holomorphic automorphisms of X . To prove
the transitivity, the existence of the submodule and for the generat-
ing set we only needed the C-complete vector fields given in Section 3.
Therefore we obtain the following description:
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Theorem 7.4. The following automorphisms of the surface S described
by the equations (1) and (2) generate a dense subgroup of the C1-path-
identity component of the group of holomorphic automorphisms of S:
(z1, z2) 7→ (z0, z1 + tz
j+d
0 )
(z1, z2) 7→ (z0, exp(tz
j+d−1
0 ) · (z1 − λ1) + λ1)
(z1, z2) 7→ (exp(t(z1 − λ1)
j+d−1) · z0, z1)
(zi, zi+1) 7→ (exp(tz
j+d−1
i+1 ) · (zi − λi) + λi, zi+1)
(zi, zi+1) 7→ (zi, exp(tz
j+d−i−1
i ) · (zi+1 − λi+1) + λi+1)
where j ∈ N0 and t ∈ C and i = 1, . . . , d. The formulas are to be
understood in the charts given by ϕ0, . . . , ϕd.
Definition 7.5. Let X be a complex manifold and let Ω ( X be a
proper subdomain.
(1) We call Ω a Fatou–Bieberbach domain of the first kind if there
exist a biholomorphic map Cn → Ω, n = dimCX .
(2) We call Ω a Fatou–Bieberbach domain of the second kind if there
exist a biholomorphic map X → Ω.
The density property implies the existence of both kinds of Fatou–
Bieberbach domains according to Varolin [Var00]. Since the surfaces S
defined by the equations (1) and (2) admit at most one singular point
and an at most finite subvariety A of fixed points, Varolin’s contruction
also works if S has only the relative density property.
By a result of the Wold and the author [AW14] every open Riemann
surface can be properly holomorphically immersed in any smooth Stein
surface with density property. Thus, the Gizatullin surfaces treated
in this article are also potential targets for properly holomorphically
embedding Riemann surfaces that a priori may not embed into C2.
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